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Abstract

A resonant surface capture model is proposed to explain the various phenomena: the temperature dependence of excess heat,
nuclear fusion cross-section data from beam–target experiments and from condensed matter nuclear reactions. This model is based
on Oppenheimer’s stripping nuclear reaction, and Bethe’s solar energy calculation using the resonance effect to put the incoming
projectile at the edge of target nucleus without forming compound nucleus. This is a new kind of resonance at low energy: the
width of which is proportional to E

3/2
0 instead of exp

[
− C√

E0

]
, when the resonance energy E0 → 0.
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1. Introduction – The Concept of Resonant Surface Capture

In 2016, Storms [1] published an important discovery: the temperature dependence of excess heat is a straight line in
the semi-logarithmic plot (Fig. 1, blue dotted line), and the slope of this straight line is close to the activation energy
(Ea) of the diffusion coefficient. At a first glance, it was a big surprise: the excess heat is an inelastic nuclear scattering
process, but the diffusion is an elastic nuclear scattering process. How can be related to each other? What is hidden
behind this experimental phenomenon?

This phenomenon reveals an important role of the nuclear resonance. During the elastic process, the resonance
would be fully developed without any damping; then, the resonance would put the peak of the wave function at the
edge between the nuclear potential well and the Coulomb barrier (Fig. 2, red line at r = a). The peak implies that
the nucleon in the target nucleus would have a chance to direct interact with the nucleon in the projectile, because the
nucleons are sticking together and inside the range of nuclear interaction due to resonance. This is a surface capture
process that occurs without forming a compound nucleus. The reaction energy would be carried away by the charged
nuclear products, and be transferred to the surrounding electrons as excess heat. Thus an inelastic nuclear scattering
process follows an elastic nuclear scattering due to the resonance. Two different processes are thus connected together
by the resonance effect. We may call this model as resonant surface capture model.
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Figure 1. The temperature dependence of excess is a straight line in semi-logarithmic plot.

Figure 2. The resonance makes the wave function peaked at the edge of nuclear potential well (red line).

This direct nuclear interaction is very similar to the nuclear stripping interaction proposed by Oppenheimer in 1935
[2], and justified by the experimental data. The only new feature here is the resonance which put the projectile at the
edge of the target nucleus. This process does not excite the target to a highly excited nuclear state; therefore, there
would be no strong Gamma radiation accompanying this excess heat.
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2. Equation – Resonance appears when |W | ≤ 1 Instead of W = 0

The concept of resonant surface capture may be expressed by a peaked wave function inside a Coulomb field which
is connected to the nuclear potential well (thin blue line in Fig. 2). In quantum mechanics any wave function, Φ (r),
inside a Coulomb field may be expressed by a linear combination of two independent solutions of Schrodinger equation
as:

Φ (r) = WF0 (r) +G0(r). (1)

Here, Φ (r) is the reduced radial wave function of the relative motion between injected projectile and the target nu-
cleus; F0 (r) and G0(r) are the regular and irregular Coulomb wave functions for zero orbital angular momentum,
respectively, because we are only interested in the low energy case. When r → a, F0 (r) decreases rapidly to a very
small number in order of 1

θ (lower black solid line in Fig. 2) and G0(r) increases rapidly to a very large number in
order of θ (upper red solid line in Fig. 2). θ depends on energy exponentially as:

θ =

√
e2πη − 1

2π
, (2)

θ2 is the Coulomb barrier factor which is similar to the reciprocal of Gamow factor; and η ≡ 1
k ac

– the Coulomb
variable;

ac ≡
4πε0!2
µZ1Z2e2

,

the Coulomb unit of length and k is the momentum of relative motion between projectile and target nucleus

k ≡
√

2µE

!2
and E is the energy of this relative motion in the center of mass system. Z1e and Z2e are their electrical charges,
µ is the reduced mass, ε0 the dielectric constant of vacuum, ! is the Planck constant divided by 2π. It is interesting
to notice that: Although |F0 (r)||r=a $ |G0 (r)||r=a, the logarithmic derivative of F0 (r) and G0 (r) at r = a are
similar in magnitude [3], i.e.

∣∣∣∣
1

F0 (r)

∂F0 (r)

ðr

∣∣∣∣
r=a

≈
∣∣∣∣

1

G0 (r)

∂G0 (r)

ðr

∣∣∣∣
r=a

, when k $
√

2

a ac
. (3)

This feature of F0 (r) and G0(r) at r = a makes the coefficient of the linear combination, W , extremely large in
most cases because the wave function has to be connected smoothly to the wave function inside the nuclear potential
well. The logarithmic derivative of wave function Φ (r) at r = a must equal to DL, the logarithmic derivative of wave
function inside the nuclear potential well. It makes W very large at low energy, because

W = −G0 (a)

F0 (a)




DL − 1

G0(r)
∂G0(r)

ðr

DL − 1
F0(r)

∂F0(r)
ðr





r=a

= −θ2



(ac

a

) DL − 1
G0(r)

∂G0(r)
ðr

DL − 1
F0(r)

∂F0(r)
ðr





r=a

, (4)

and θ2 is a very large number at low energy. While θ2 is known, the factor in square bracket in Eq. (4) is unknown,
because it involves unknown nuclear property, DL .
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Figure 2 is plotted for the case of W=1. Usually, we think that when the factor in square bracket in Eq. (4) makes
W = 0; then, there will be only G0(r) in Eq. (1), and the wave function, Φ (r), would be peaked at the boundary
between Coulomb field and nuclear potential (Fig. 2 upper red solid line). So the resonant phenomenon would appear
at W = 0. However, even if W &= 0, provided that |W | ≤ 1, we may still have a wave function,Φ (r), peaked at the
boundary between Coulomb field and nuclear potential as shown in Fig. 2. Therefore, in order to study the resonant
scattering, we should find the energy dependence of W , and search the pair of nuclei which makes |W | ≤ 1.

3. A Tool for Finding Energy Dependence of W – 3-Parameter Formula for Fusion Cross-section

In quantum mechanics, W is directly related to low energy fusion cross-section as [4–10]:

σFusion (E) =
π

k2
(−4Wi)

(Wr)
2 + (1−Wi)

2 . (5)

Here Wr and Wi are the real and imaginary parts of W . Equation (5) gives a tool to determine the W from the
experimental data of fusion cross-section, σFusion (E). Equation (4) has shown that W might be separated into two
factors: the Coulomb field factor, θ2, which is known as a real number by Eq. (2), and the remaining complex nuclear
factor. We may rewrite the W as

W ≡ θ2(wr + wi). (6)

The Coulomb field factor θ2, varies rapidly with energy; and the unknown nuclear factor, (wr + wi), might be found
through low energy fusion cross-section data. From the d + T → n + 4He fusion cross-section, we have found that
wr varies slowly with energy, and wi is almost a constant at low energy. The d + T fusion cross-section may thus be
expressed by a 3-parameter formula very well:

Wr = θ2(C1 + C2E), Wi = θ2C3, (7)

σFusion (E) =
π

k2
(−4C3)

θ2[(C1 + C2E)2 +
(

1
θ2 − C3

)2
]
. (8)

Figure 3 gives the comparison between this 3-parameter formula and the experimental data. Here the black cir-
cles are experimental data from the National Nuclear Data Center (ENDF/B-VIII.0) [11]. The red lines are from
3-parameter formula, Eq. (8). In order to show the good fit, both logarithmic scale (left axis) and linear scale (right
axis) are plotted to show the fit from 200 eV to 200 keV [12].

Indeed, Eq. (8) has been justified by more than 15 pairs of fusion cross-section data. It gives two important features
of W : (i) Wr and Wi are the products of θ2 and a constant at very low energy, respectively. (ii) At very low energy both
Wr andWi are extremely rapidly decreasing when energy is increasing, because θ2 is an extremely rapidly decreasing
function when energy is increasing as expressed by Eqs. (2)–(4). When k → 0, η → ∞ ; then, θ2 → ∞ exponentially.
On the other hand, when k → ∞, η → 0; then, θ2 → η → 0. These two features imply that there must be an energy,
E0, above which both Wr and Wi are less than 1. Moreover, if this resonance energy, E0, is low enough; then, we
may show that the resonant elastic nuclear scattering cross-section would be a step-wise function of energy E due to
the rapid variation of θ at low energy.
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Figure 3. d+T→n+ 4He fusion cross-section data reveal energy dependence of W.

4. Low-energy Resonant Elastic Nuclear Scattering Cross-Section – A Step-wise Function of Energy E

In quantum mechanics, the elastic scattering cross-section is expressed by W as well [13]

σElastic (E) =
π

k2
4

(Wr)
2 + (1−Wi)

2 . (9)

When energy is greater than the resonant energy. E0 , both WrandWiare less than 1; then

σElastic (E) =
π

k2
4

(Wr)
2 + (1−Wi)

2 → 4π

k2
. (10)

When energy is less than the resonant energy. E0, both WrandWiare rapidly increasing to be greater than 1; then

σElastic (E) =
π

k2
4

(Wr)
2 + (1−Wi)

2 ∝ 4π

k2θ4
→ 0. (11)

We may illustrate this behaviour by assuming two resonance energy, E0r and E0i for Wr and Wi, respectively:

Wr =
θ (E)2

θ (E0r)
2

(
1− E

E0r

)
and Wi =

θ (E)2

θ (E0i)
2 . (12)

This assumption gives:

Wr = 0 at E = E0r, (13)

W 2
r * 1, when E $ E0r and W 2

r $ 1, when E * E0r, (14)
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Figure 4. Changing from E0 = 100 keV (right) and E0 = 10 eV (left) shows that blue dotted line becomes a step-wise line, and red line
becomes a peak-wise line.

W 2
i * 1, when E $ E0i and W 2

i $ 1, when E * E0i. (15)

In Fig. 4, the blue dotted line shows the factor
4

(Wr)
2 + (1−Wi)

2

as a function of energy for two cases: E0r = E0i = E0 =100 keV, and E0r = E0i = E0 =10 eV. It is evident that the
blue dotted line becomes a step-wise function when E0 is getting smaller. We may expect a much steeper line when
E0 approaches thermal energy (~25 meV).

5. Low-energy Resonant Inelastic Nuclear Scattering Cross-Section – A Peak-wise Function of Energy E

According to resonant surface capture model, the cross-section of nuclear reaction is a transition after this resonant
elastic scattering [2,14]; hence,

σSurface capture (E) =
π

k2
4

(Wr)
2 + (1−Wi)

2

⌈∫
ψ∗

f Hintψi dτ
⌉2

, (16)

Here,
⌈∫

ψ∗
f Hintψi dτ

⌉2

is the transition probability from the initial state, ψi, to the final state, ψf . The initial state, ψi, is a plane wave at
r → ∞ formed by the incoming projectile and the target nucleus; and the final state, ψf, is a halo state formed by
the captured nucleon in the halo of target nucleus (purple dotted line in Fig. 2). This transition happen only if the
overlapping between ψi and ψf is not negligible. ψf decreases rapidly when r > a; hence, the overlapping integration
becomes not negligible only if ψi is large at the edge r = a, i.e. in the case of resonance when G0 is dominant in the
linear combination. Thus ψi ∝ G0 ∝ θ. Or

σSurface capture (E) =
π

k2
4

(Wr)
2 + (1−Wi)

2

⌈∫
ψ∗

f Hintψi dτ
⌉2

∝ π

k2
4

(Wr)
2 + (1−Wi)

2 θ
2, (17)
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when energy is greater than the resonant energy. E0, both Wr and Wi are less than 1; then

σSurface Capture (E) =
π

k2
4

(Wr)
2 + (1−Wi)

2 θ
2 → 4π

k2
θ2, (18)

when energy is less than the resonant energy. E0, both Wr and Wi are rapidly increasing to be greater than 1; then

σSurface Capture (E) =
π

k2
4

(Wr)
2 + (1−Wi)

2 θ
2 → 4π

k2θ4
θ2 → 0, (19)

In Fig. 4, the red solid line shows the factor

4

(Wr)
2 + (1−Wi)

2 θ
2

as a function of energy with E0 =10 eV (having assumed both Wr and Wi are equal to 1 at same energy E0). The
additional factor, θ2, in numerator adds a steep decreasing behaviour in the region where E > E0 . Thus the resonant
surface capture cross-section becomes a peak-wise function with peak at E ≈ E0. We may expect much more sharp
peak behavior when E0 approaches thermal energy (~25 meV).

6. Average Over Maxwell Distribution Function

In order to study the temperature dependence of excess heat and diffusion in Fig. 1, we have to average the collision
rate over the Maxwell velocity distribution. For the elastic collision rate,

〈σElastic v〉 =
(

µ

2πkBT

)3/2 ∞∫

0

(
π

k2
4

W 2 + 1

)
v exp

[
− µv2

2kBT

]
4πv2 dv ∝

∫ ∞

E0

exp
[
−E

T

]
dE ∝ exp

[
−E0

T

]
.

(20)
The step-wise behaviour of 4/(W 2 + 1) just changes the lower limit of integration from 0 to E0 , it results an expo-
nential factor, exp [−(E0/T )].

For the resonant surface capture rate, this same exponential factor will appear as well:

〈σExcess Heat v〉 =
(

µ

2πkBT

)3/2 ∞∫

0

(
π

k2
4

W 2 + 1

) ∣∣∣∣
∫
ψ∗

f HintΨi dτ
∣∣∣∣
2

v exp
[
− µv2

2kBT

]
4πv2 dv

∝
∫ ∞

0

4

W 2 + 1
θ2 exp

[
−E

T

]
dE ∝ exp

[
−E0

T

]
∆E. (21)

The peak-wise behavior of

4

W 2 + 1
θ2

just turns the integration into the product of exp [−E0/T ], and ∆E, i.e. the peak value of integrand at E0 times the
energy width ∆E.

Now we have shown that both the elastic collision rate and the resonant surface capture rate share the same expo-
nential factor exp [−E0/T ] as shown in Fig. 1. Indeed it gives the hint that there must be a low-energy resonance at
the energy E0 which is close to the activation energy of diffusion coefficient, Ea .



X. Li et al. / Journal of Condensed Matter Nuclear Science 29 (2019) 440–452 447

7. Comparison with More Experimental Data

In addition to the theoretical derivation of Storms’ straight line, we would like to see if there is any more experimental
evidences to support this behavior. The first such evidence may be Fleischmann and Pons’ famous “Heat after Death”
experiment in 1992 [15]. Before the electrolyte reached the boil point, there were 12 data points for excess heat power
at certain temperatures. In Fig. 1, the red dotted line goes just along with these 12 red points. Only a few points
after the triggering are not on this straight dotted line. However, the slope of this straight line is different from that
of Storms’ blue dotted line which is thought to be the activation energy of deuteron diffusion coefficient in palladium.
Then what is the possible reason for this difference? As we remember, Fleischmann and Pons would like to add LiOD
in the electrolyte in order to enhance the conductivity of electrolyte for obtaining greater current density which was
believed to be an important condition to have excess heat at those early days. As mentioned by Storms, after long time
of electrolysis there was a possibility of forming lithium–palladium alloy in the cathode surface. Therefore, we might
think the activation energy of deuteron diffusion in lithium deuteride. The search in literature did not give the activation
energy for deuteron diffusion in LiD in the temperature range of interests. The only available activation energy in this
temperature range is for lithium diffusion in LiH, i.e. Ea= 38.5 kJ/mol= 4632 K (~0.399 eV) [16], it is very close
to the slope of that red dotted line in Fig. 1 (4593 K~0.396 eV). According to literature [16], the activation energy of
D in LiD (or H diffusion in LiH) is expected to be close to 38.5kJ/mol in the temperature range of interests. More
experimental data are desirable.

Having been encouraged by this comparison, we re-examined Tsinghua University data from gas-loading experi-
ments performed early in 1996–1999 [17,18]. The purple dotted line in Fig. 1 shows another good fit with experimental
data points. It seems that both in gas-loading and in electrolysis experiments, the temperature dependence of excess
heat is a straight line in the semi-logarithmic plot, and there should be a low energy resonance between deuteron (or
proton) and some target nucleus. We would like to address the possible target nucleus here for electrolysis experiments
and shall discuss this gas-loading straight line in another proceedings paper [19].

8. The Evidences of Low-energy Resonance for Nuclear Reaction

From 3-parameter formula for fusion cross-section Eq. (8), it is possible to find the low-energy resonance as well.
If there is a low-energy resonance at E = E0 for elastic scattering; then, the rapidly decreasing θ2 would make
θ2[(C1 + C2E)2] → 0 in the region E > E0. Since most of fusion cross-section data are taken from beam–target
experiments using accelerator, the beam energy is greater than the resonance energy, E0, which is supposed to be near
thermal energy. Thus we may expect that the fusion cross-section would be fit by only one parameter, C3, as

σFusion (E) =
π

k2
(−4C3)

θ2[(C1 + C2E)2 +
(

1
θ2 − C3

)2
]
→ π

k2
(−4C3)

θ2[
(

1
θ2 − C3

)2
]
→ π

k2
(−4C3θ2)

(1− C3θ2)
2 . (22)

Figure 5 shows the fusion cross-section for p + 6Li → 3He + 4He. Black points are from ENDF/B-VIII.0, and the
red line is from Eq. (22) with only one parameter C3 = −5.62. The left and right axes are for logarithmic and
linear scale, respectively, to show the good fit (R2 = 0.99999). Indeed the existence of low energy resonance for
p + 6Li → 3He + 4He is provided by Lipinski’s patent as well [20].

Figure 6 shows the fusion cross-section for d + 6Li → 4He + 4He. Black points are from ENDF/B-VIII.0, and
the red line is from Eq. (22) with only one parameter C3 = −0.1768. The left and right axes are for logarithmic
and linear scale, respectively, to show the good fit (R2 = 0.99997). Indeed the existence of low-energy resonance for
d + 6Li → 4He + 4He is provided by Pons’ heavy water electrolysis experiment using enriched 6LiOD as well. After
long period of electrolysis using palladium cathode Pons observed a big amount of helium with excess heat [21].

These experiments just explain the slope of red straight line in Fig. 1.
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Figure 5. p + 6Li → 3He + 4He fusion reaction cross-section at low energy may be fit by 1-parameter formula.

9. Two Kinds of Resonance Widths

The widths of peaks in Fig. 3 (at 100 keV) and in the integrand of Eq. (21) are very different, because the resonance
peak in Fig. 3 is determined by Wr = 0, and the resonance peak in the integrand of Eq. (21) for a transition after the
pure elastic collision is determined by W = Wr = 1.

Since the Coulomb barrier factor

θ =

√
e2πη − 1

2π
≈

√
e31.4Z1Z2

√
m1

Elab keV

2π
,

the changing rate of θ2 would be much slower when

Elab keV >

(
31.4Z1Z2

√
m1

2

)2/3

.

Here, Elab keV is the kinetic energy of the injected projectile in laboratory system in unit of keV, m1 is its mass number
(an integer),
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(
31.4Z1Z2

√
m1

2

)2/3

≈ 7.9 keV

for d+T fusion. This affects the width of resonance peak.
The resonance peak in Fig. 3 for d+T fusion is near 100 keV which is greater than

(
31.4Z1Z2

√
m1

2

)2/3

.

therefore, the variation of Wr ≡ θ2wr around 100 keV is mainly determined by wr = C1 + C2E. The width would be
determined by

∆Eh ≈ 2

θ2C2
at E0h = −C1

C2
where wr = 0.

This expression may give a wrong impression that the width of resonance would be extremely small as

∆Eh →
∣∣∣∣

2

θ2C2

∣∣∣∣
Elab keV→0

→ 0.

Figure 6. d + 6Li → 4He + 4He fusion reaction cross-section at low energy may be fit by 1-parameter formula.
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This is not true, for Elab keV → 0. Indeed in the integrand of Eq. (21) for a transition after the pure elastic collision
(where a resonance energy is supposed to be E0lab keV < 0.01keV), E0lab keV is much smaller than

(
31.4Z1Z2

√
m1

2

)2/3
(

for p +6 Li fusion
(
31.4Z1Z2

√
m1

2

)2/3

≈ 13 keV

)

therefore, the variation of Wr ≡ θ2wr around 0.01 keV in the integrand of Eq. (21) is mainly determined by θ2 instead
of wr (because at this low energy, wr → C1 = constatnt). The width of resonance peak would be determined by the
peak-wise behavior of 4

W 2+1θ
2. The step-wise denominator determines the up-slop behavior of the peak at E0c with

wr =
1

θ(E0c)
2 (i.e. W = Wr = 1),

and the θ2 in numerator determines the down-slop of peak with a width of

∆E0c ≈
2Log 1

2

31.4Z1Z2
√
m1

(E0Labk eV)
3/2

(
i.e. θ[E0c +∆E0c]

2 =
1

2
θ[E0c]

2
)
.

Although the energy width ∆E0c still goes to zero, when E0Lab keV → 0, it is much more slower than 1
θ2 . This

resonance peak at low energy will have enough contribution to the integration in Eq. (21).

10. Conclusion

The essence of resonance is to put the wave peak at the edge of the nuclear boundary; then, Coulomb repulsion becomes
Coulomb attraction. Once the injected projectile sticks on the surface of target nucleus, the nucleons near the surface
are in the range of the strong interaction even if no compound nucleus is formed.

This effect was justified by Oppenheimer (1935) [2] in terms of the angular distribution of nuclear products with
energetic projectile (which are approximately several MeV). This resonant surface capture model only makes use of
the resonance to put the projectile on the surface of the target nucleus. Indeed Bethe applied a similar calculation
for the weak interaction p + p → D + e+ + neutrino in the solar energy model [14]. Bethe included the resonance
effect partly in his calculation, but the approximation in his simplification prevented him from fully considering the
resonance effect. However, the overlapping of the initial wave function with the final wave function provided a good
estimate of the transition probability both in Oppenheimer’s stripping reaction and in Bethe’s solar energy calculation.

Our new finding is a feature of low-energy resonance in condensed matter which is quite different from the reso-
nance in beam–target experiments. The resonance energy, E0, is no longer determined by the Wr = 0 in the denomi-
nator of Eq. (5), instead it is determined by W 2

r +W 2
i ≤ 1. Therefore, the width of resonance is no longer decreasing

as 1/θ2 → 0 at low energy, instead it is decreasing as (E0c)
3/2 which is much slower than 1/θ2.

The slope of straight lines in Storms’ semi-logarithmic plot and the data from experiments (Beam–target data from
the National Nuclear Data Center, Lipinski patent for “Low energy Hydrogen–Lithium Fusion Reactor”, and Pons’
electrolysis with enriched lithium (6LiOD)) all point to 6Li as a possible fuel candidate in Condensed Matter Nuclear
Science.

The two-step resonant surface capture model explains not only the low energy nuclear reaction without Coulomb
repulsion, but also the releasing of nuclear energy without strong Gamma and neutron radiation, because there were
no highly excited nuclei involved in surface capture reaction (no compound nucleus formed).
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We have to further find the collective mechanism in condensed matter which makes the resonant surface capture
reaction happen on a large scale with a self-sustaining mode. Then a safe and clean nuclear energy source would be
available to the whole world.
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