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Abstract

In this paper a straightforward application of Occam’s razor principle to Maxwell’s equation shows that only one entity, the electro-
magnetic four-potential, is at the origin of a plurality of concepts and entities in physics. The application of the so called “Lorenz
gauge” in Maxwell’s equations denies the status of real physical entity to a scalar field that has a gradient in space-time with clear
physical meaning: the four-current density field. The mathematical formalism of space-time Clifford algebra is introduced and
then used to encode Maxwell’s equations starting only from the electromagnetic four-potential. This approach suggests a particular
Zitterbewegung (ZBW) model for charged elementary particles.
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Nomenclature (see p. 101)
1. Introduction

Science is the creation and validation of models of abstract concepts and experimental data. For this reason it is
important to examine the rules used to evaluate the quality of a model. Occam’s razor principle emphasizes the
simplicity and conciseness of the model: among different models that fit experimental data, the simplest one must
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Nomenclature

Symbol Name SI units Natural units (NU)
A Electromagnetic four-potential Vsm! eV
g Four-position vector m eV—!
G Electromagnetic field Vsm™2 eV?
F Electromagnetic field bivector Vsm™2 eV?
B Flux density field Vsm2=T eV?
E Electric field Vm! eV?
S Scalar field Vsm™2 eV?
J e Four-current density Am™2 eV3
v Four-velocity vector ms~! 1

A Electromagnetic eight-potential Vsm™! eV
P Pseudoscalar field Vsm™? eV?
Jom Magnetic four-current density Asm™3 eV?
p Electric charge density Asm?®=Cm™? eV?
Pm Magnetic charge density Am™2 eV3
x,y,z  Space coordinates m M eV—!
t Time variable s (@ evV—!
c Light speed in vacuum 2.99792458 x 108 m s~ 1 1

1o Permeability of vacuum 41 x 1077V s A7 m~! 4
€0 Dielectric constant of vacuum 8.854187817 x 10712 As (Vm)~! g
P, Electromag. four-momentum kgms™! eV
S Generalized Poynting vector W m—?2 eV?
w Specific energy Tm™3 eV4

M1.9732705 x 10" m~ 1 eV I;
(2) 6.5821220 x 106 s~ 1 eVl

be preferred, i.e. the model that does not introduce concepts or entities that are not strictly necessary. The following
sentences in Latin briefly illustrate this principle:

Pluralitas non est ponenda sine necessitate.
Frustra fit per plura quod potest fieri per pauciora.
Entia non sunt multiplicanda praeter necessitatem.

CLINNT3

[1], which can be translated respectively as “plurality should not be posited without necessity”, “it is futile to do with
more things that which can be done with fewer” and “entities must not be multiplied beyond necessity”.
According to this principle, the quality of a model can be measured by means of two fundamental parameters:

(1) Good agreement of a model’s predictions with experimental data and/or with other expected results.
(2) The simplicity of a model, a value that is inversely related to the amount of information, concepts, entities,
exceptions, postulates, parameters and variables used by the model itself.
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These rules are universal ones and can be applied in many contexts [2]. From this point of view, the intuitive and
simple framework of Clifford algebra is a natural choice.

In this paper, we introduce and use the space—time Clifford algebra, showing that only one fundamental physical
entity is sufficient to describe the origin of electromagnetic fields and charges, i.e. the electromagnetic four-potential.
The vector potential should not be viewed only as a mathematical tool but as a real physical entity, as suggested by
the Aharonov—-Bohm effect, a quantum mechanical phenomenon in which a charged particle is affected by the vector
potential in regions in which the electromagnetic fields are null [3]. Actually, many papers deal with the application of
geometric algebra to Maxwell’s equation (see [4-9] and many others), but few of them deal with the concept of scalar
field. Among the most interesting works we can find a paper by Bettini [5], two papers written by van Vlaenderen
[10,11] and two papers of Hively [12,13].

In this paper we propose a reinterpretation of Maxwell’s equations which does not use any gauge: the unique
constraint is that the electromagnetic four-potential must be represented by a harmonic function, as proposed by Bettini
[5]. This fact gives rise to an electromagnetic field composed not only of the classical electric and magnetic flux density
fields, but also by a scalar field. The scalar field will be here investigated and it will be shown that its existence produces
many interesting implications and consequences on the essence of electrical charges and currents. A brief and simple
but essential introduction on the main fundamental properties of Clifford algebra is given preliminarily in this paper in
order to encourage a particular interpretation of Maxwell’s equations at the picometric scale.

This paper is composed of the following parts: Section 2 is a short introduction to Clifford algebra and its fun-
damental properties; Section 3 illustrates how Maxwell’s equations can be derived from a four dimensional vector
potential without using the Lorenz gauge; Section 4 deals with the main properties of the electromagnetic field, the
derivation of Maxwell’s equations from the Lagrangian density, the Lorentz force, the generalized Poynting vector, the
symmetrical Maxwell’s equations and, finally, in Section 5 some essential points are summarized.

2. The Language of Scientific Knowledge

Scientific knowledge is expressed mathematically, but the importance of the optimal choice of the appropriate mathe-
matical language is often underestimated [4—6,14]. The geometric algebra (Clifford algebra) formalism, according to
Occam’s razor principle, is by far the best choice for modern physics. Clifford algebra provides a simple and unify-
ing mathematical language for coding geometric entities and operations [8,9,15]. It integrates different mathematical
concepts highlighting geometrical meanings that are often hidden in the ordinary algebra.

A particular Clifford C1,, , algebra is defined in a space with n = p + ¢ dimensions with an orthonormal base of
n unitary vectors. The first p vectors of this base have positive squares, whereas the remaining ones have negative
squares, as shown by the following equations:

2= 1 with p+1<i<p+q @

where ~; are the unitary orthogonal vectors.
The geometrical product 7;y; represents a “segment” of a unitary “area” of undefined shape in the plane identified
by unitary vectors «y; and «y;. The product v;v2...7, represents a unitary, n-dimensional volume segment identified by
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Table 1. Blades of space—time algebra (Cl3 1).

Blade Bit mask  Grade hex.
1 0000 0 (scalar) 0
oz 0001 1 (vector) 1
Yy 0010 1 (vector) 2
Yz Vy = Yoy 0011 2 (bivector) 3
Yz 0100 1 (vector) 4
Yz Vz = Vaz 0101 2 (bivector) 5
YyVz = Vyz 0110 2 (bivector) 6
YeVyVz = Yeyz = In 0111 3 (pseudovector) 7
YVt 1000 1 (vector) 8
YVt = Yt 1001 2 (bivector) 9
Yyt = Yyt 1010 2 (bivector) A
Yz Yy YVt = Yyt 1011 3 (pseudovector) B
Y=Vt = Yzt 1100 2 (bivector) C
Y V2Vt = Yozt 1101 3 (pseudovector) D
Yy V=Vt = Vyzt 1110 3 (pseudovector) E
Yo Yy YVt = Yayzt =1 1111 4 (pseudoscalar) F
the unitary vectors v1, 2, ..., Yn. In the n-dimensional space no more than 2" elementary distinct “components”

exist. Each of these entities corresponds to a particular subset of the orthonormal base vectors. The “grade” of these
entities (called blades) is equal to the number of base vectors which are present within the subset. The blade of grade
zero (empty set) is the dimensionless scalar unit. The number of blades of kth-grade in a n-dimensional space is equal
to the binomial coefficient

n n!
N = (k:) TR (n—k) @

Using Clifford algebra there are two possible choices for the metric of space-time coordinates, namely Cl; 3 and
Cls,. For Cl; 3 (signature “+ — — —”) we have

V=—=—r=—F=1,

whereas for Cl3 ; (signature “+ + + —”)

v=v=1v=—7=1

In Cl3; algebra, which is used in this work, the spatial coordinates can be viewed as the familiar Cartesian coor-
dinates of the Euclidean space. The 2* components of the Cl3 1 space-time Clifford algebra are listed in Table 1.

Each blade is associated to a real number, the blade value. The expression a<y;7;, in which a is a real scalar,
represents an area a of an undefined shape in the plane identified by vectors «; and ;.

Summing can be carried out only between coefficients of identical blades. If used for different blades the sum must
be reinterpreted as a composition, in analogy with the concept of sum between real and imaginary parts of a complex
number.

A multi-vector is a generic composition of one or more blades. Within an n-dimensional space a multi-vector is
composed by no more than 2" blades. The geometrical product between two blades gives a blade which is obtained
from the application of the bitwise exclusive OR operation between the bit mask of blades to be multiplied. The value
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of the resultant blade is equal to the product of the values of the operands multiplied by a sign which is a function of
the two blades. For C'l3 ; algebra the sign can be easily determined by means of Table 2, identifying the blades to be
multiplied through their hexadecimal “label” taken from Table 1. In general, this product is not commutative. The sign
table is obtained by the direct application of Egs. (1)—(3).

There are other types of products in Clifford algebra, two of them are the wedge (symbol A) and the scalar product
(symbol -). The result is computed following the same rules of geometric product, but is zero in some cases:

(1) the wedge product is always zero if the intersection between the set of base vectors of the first operand blade
and the set of base vectors of the second operand blade is not empty;
(2) the scalar product is always zero if the blade of the first operand is different from that of the second operand.

The geometric product of two vectors in Clifford algebra can be decomposed in a scalar product and a wedge product
according to the relation
uv=u-v+uAlv. )

It is important to note that the space—time algebra of the four ~y; vectors is isomorphic to the algebra of Majorana
matrices. The Majorana matrices are the Dirac gamma matrices times the imaginary unit.

Example 2.1. Some examples of the application of products are here reported referring to Cls ;:

Yz Vy VaVy = —VaVa Yy Yy = — 1L,

Ve Yy - V= = 0,

Table 2. Signs of the geometrical product in the space—time algebra Cl3 1.
I = voyzt = Yavy V=Vt In = Yzyz = YaVy7=-

Grade 0 1 1 2 1 2 2 3 1 2 2 3 2 3 3 4
hex. 0 1 2 3 4 5 6 7 8 9 A B C D E F
Label 1 Yz Yy Yy V= Yz Yyz I Yt Yzt Yyt Yyt V=t Yzzt Yyzt 1
1 + o+ + + + + + + + + + + + + + +
Ve + o+ + + + + + + + + + + + + + +
Yy + - + - + - + - + - + - + - + -
Yry + - + - + - + - + - + - + - + -
Yz + - - + + - - + + - - + + - - +
Yoz + - - + + - - + + - - + + - - +
Yyz + o+ - - + + - - + + - - + + - -
In + 4+ - - + + - - + + - - + + - -
Vi + - - + - + + - - + + - + - - +
Yt + - - + - + + - - + + - + - - +
Yyt + o+ - - - - + + - - + + + + - -
Yyt + o+ - - - - + + - - + + + + - -
Yat + o+ + + - - - - - - - - + + + +
Vet + o+ + + - - - - - - - - + + + +
Yyzt + - + - - + - + - + - + + - + -
I + - + - - + - + - + - + + - + -
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avzYy AN by = abye vy Ve,
Y Yy N Yy =0,

VaYy N V2Vt = VaVy V=Vt
Yo Yy =0,

(e t+7) =T+ +1) ="+ Y+ 1+ =141V —Yen—1=0

(example of light-like vector, the square is 0),

(Ve +7)2 = (Ve +7) (Ve + ) =12 + YW + VYo + 72 = L+ Yaly — Yoy + 1 =2

(example of space-like vector, the square is > 0),

(am)? = —a?

(example of time-like vector, the square is < 0),

(ave +b07y)? = (ave +bvy) a7z +bvy) = a¥2 + abyayy +bavy Ve + 072 = a® + abyayy — abyeyy + 0> = a® +b°
Yy

(always a space-like vector),

(aye + bve)? = (aye + bye) (aye +b7:) = a®y2 4 abyerye + bayiye + 0242 = a® + aby,ys — aby,ye — b = a® — b?
(light-like if a = b, time-like if a < b, space-like if a > b).

In these examples @ and b are generic real scalars.

2.1. Reflection and rotation of vectors
In order to perform a mirror reflection of a vector with respect to a plane, the following formula holds in Clifford

algebra:

a = —mam, (6)

where m is the unitary vector orthogonal to surface «, as shown in Fig. 1. As a matter of fact, if

a=a, +a
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Figure 1. Reflection of a vector with respect to plane c.

where a and a are the orthogonal and the parallel components of vector a respectively, then
a=—-m (aJ_ + a”) m = —ma,m— mam
= aLmQ — aHm2 =a) _G’H'

This operation is justified by the fact that the product between parallel vectors commutes, i.e.

maH = a”m,

whereas the product between orthogonal vectors anti-commutes, i.e.

ma, = —a,m.

If vector @’ in now reflected again with respect unitary vector n rotated with respect to m by an angle 6/2 we obtain

a’ = na'n = nmamn. 7

Vector a” is rotated, with respect to vector a, by an angle 6 on the common plane of the two-vector m and n as shown
in Fig. 2.
The rotation of vector a can be described also by the following formula

a’ = RaR = e 5 aebs, (8)

where R = nm, R = mn and the bivectorb=m Anisa segment of the surface on which vector a is rotated.
The product of two vectors is called rotor. We remember that

R=nm=m-n—mAn
and

R=mn=m-n+mAn
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Figure 2. Rotation of vector a due to two subsequent reflections

It is important to note that these rules are independent from the signature, and for this reason they are also valid for
four-vectors of the space—time algebra. In particular, rotors with pure spatial bivector parts (such as y,v,9/2) generate
ordinary rotations, whereas rotors containing bivectors with the term ~; (such as v,7:1/2) generate hyperbolic rota-
tions. Rotors operations are a very powerful geometric tool and some hardware implementations have been attempted
[16].

3. The Electromagnetic Field and the Wave Function

The behavior of electromagnetic waves was described in 1865 by James Clerk Maxwell in his work “Dynamical Theory
of the Electromagnetic Field”. Maxwell’s equations are a system of partial differential equations, where different
concepts are employed: electric field, flux density (or magnetic) field, charge density and current density [4—6].

In order to study the undulatory behavior of particles, the concept of wave function was introduced. Following
the interpretation of Born, the square of this function represents the probability density to find a particle in a point
of the space, just like the undulatory theory of light, whose intensity is given by the square of the electromagnetic
wave amplitude. Now, following the principle of Occam’s razor, which suggests carefulness in the introduction of new
concepts, we consider two interesting possibilities:

(1) find a common origin of the conceptual entities used in Maxwell’s equations;
(2) consider the wave function as a particular reformulation of concepts/entities already present in Maxwell’s
equations.

3.1. The electromagnetic potential

Maxwell’s equations can be reinterpreted by means of a unique entity, namely, the vector potential with four compo-
nents, as defined by the following equation:

AD (TD) = ’YxAx (TD) + ’YyAy (T[]) + fYZAz (TD) + ’YtAt (T[]) ) (9)

where each of the vector potential components A,, A,, A, and A; are functions of the space—time coordinates and
ro (2,9, 2,t) = V2@ + Yy + 722 — Vet = 4 — Yect is the position vector in space—time. From now on in the four-
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potential and in other field quantities the variable 7, will be omitted for simplicity. The four-potential has dimension
in SI units equal to V s m~!. Two basic assumptions are made:

(1) the vector potential field A is represented by a harmonic function;
(2) the space is homogeneous, linear and isotropic.

Therefore, we assume a function that links a vector of four components to each point of the space—time as the unique
source of Maxwell’s equations entities.
We use the following definition of the operator 8 in space—time algebra

0 0 0 10 10
0= —+7 =V -, 10
Yor T Way T e T T Y T (1
where
0 0 0 1
V=7 + + v, and c= .
Tor T oy T 0z NG
If A_ is the vector potential defined by (9) the following expression can be written:
O0A =0 - A, +O0NA=5S+F =G, (11)
where
G(2,y,2,1) = S+ YVaVeFut + Yy rFye + V2Pt + Yy V2 Py + Y2V Foz + YaYy Fuy. (12)

Expanding (11), by considering the products as shown in Table 3 and by collecting all terms with the same blade, the
following set of equations is found:

04, 04,  0A. 104

A =8 = —_—Y 1
0-Ag =5 oz Oy 9z ¢ ot (13)
0A 1 0A,
VaVtFt =72 E = VaVt ( a; P ) (14)
0A 104,
Ve Fyt 'YJ'Yt = Wn (yt o ) : (15)
0A
Vel = V2 E =2Vt (t - = ) ) (16)
0A 8A
1 ZEZ zB - z z Y 9 17
Yy VzFy: = 1V2Be = vy ( 3y 5 ) a7
0A, O0A,
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Table 3. Products 8A.

8A_ Yo Az Yy Ay Yz Az Yt AL
Yo | 2= Yoy Voyz G Yoyt Gt
Yy % —YzVy % % Yy Yz aaAyz Yyt %
vl | el 2y 24 vaye 2t
118 | emi®E —wmli%E —vnmlife 1%

04, 04,

Y Vy oy = VaYy Bz = Yavy ( o dy > , (19)
where S = 57 + S2 + S5 + Sy is a scalar field, whose meaning will be clarified later. It is to be noted that equating
(13) to zero, i.e. S = 0, gives an expression that takes the form of the “Lorenz gauge” condition if A; = —¢/c, where
( is the scalar potential of the electric field [4,8,10,17].

Equation (13) can be rewritten as
S:V~AA—1%, (20)
c Ot

where Ay = v, Az + vy Ay + 7. A is the usual three-component vector potential.

Using the so-called “Lorenz gauge” the scalar field .S is considered zero everywhere, denying its status of a real
physical entity [5]. Same consideration can be done for the “Coulomb gauge” that assign zero value to each addendum
S;. We simply do not apply any “gauge”, apart from defining A_ as a harmonic function. According to our point
of view, both Lorenz and Coulomb “gauges” should be considered just as boundary conditions and the scalar field .S,
although not directly observable, has a gradient in space—time with a clear physical meaning. Similar considerations are
normally presented in electromagnetism to introduce the concept of vector potential, that is a not directly measurable
field. The components of the geometric product & A are shown in Table 3. An electromagnetic field G' with seven
components emerges, composed by one scalar and six bivectors.

Table 4 represents the relation between the fundamental electromagnetic entities and the space—time components
of the vector potential A .

Table4. Relation between electromagnetic entities
and the vector potential A .

0AL [ wds Ay A A
Ve 8—‘; S1 B —By1 % =1
Yy % B.o Sa Bz %Eyl
Vege | ~By2z Baz S cBa
Vergy | cPer  (Ey2  gBe  Sa

The set of equations from (14) to (19) can be rewritten also in the following way:



110 F. Celani et al. / Journal of Condensed Matter Nuclear Science 25 (2017) 100-128

0A; 0A,

E,=c— — 21
“or o @b
0A; 0A
E,j=c— - Y 22
0A: 0A,
E,=c—— 2
“o2 ot @3)
0A 0A
B,=-——-—Y 24
dy 0z @4
0A, 0A,
B, =— 25
Y Ox 0z (5)
04, 0A,
2= —F — s 26
ox y 26)
where
0A
B =7E, + 9By + B = VA - =22, 27)
B =7;B; + 7By +7:B. =V x A,. (28)
The sum of all diagonal elements in Table 3 represents the scalar product
S=0-A_, (29)
whereas the sum of all extra-diagonal elements gives the six components of electromagnetic bivector F'
F=0MNA_. (30)

Referring to the function G, it is possible to note that the “electromagnetic field” is characterized by seven values:
three for the electric field, three for the flux density field and one for the scalar field S.
With reference to Table 4 the electromagnetic field G can also be expressed as

G(z,y,2,t)=S+F =5+ %%f + %%7“’ 2+ W= Be = %¥By + 77 B

1 1
=S+EE%+IB%=S+E(E+ICB)%, 31)

where
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I = ey v=me (32)
is the unitary pseudoscalar and
1 1
F = EE%+IB% = E(E+ICB)%. (33)

On the other hand, with reference to Table 3, the electromagnetic field G can be expressed in the following compact
form

10A 10A
G (2,y,2,t) =V Ay — =L 4 VA — Ly + IV X Ay, (34)
c Ot c Ot

which again results in Egs. (20), (27) and (28) by taking (31) into account.

3.2. Maxwell’s equations

Now, by applying the operator & to the multivector G (11) and equating it to zero, a new expression is found, i.e.

G = 9°A, =0, (35)

whose components are shown in Table 5. The equation G = 0 can be seen as an extension in four dimensions of the
Cauchy-Riemann conditions for analytic functions of a complex (two dimensional) variable [15,18]. In [18] Hestenes
writes: “Members of this audience will recognize (g = 0 as a generalization of the Cauchy—Riemann equations to
space—time, so we can expect it to have a rich variety of solutions. The problem is to pick out those solutions with
physical significance.”. In fact, if A_ is harmonic then

1 9*A,

il =0 36
2 o ; (36)
which represents the wave equation of the four-potential and where

, ¥ 10 _, 10

A, =VA —

02 o To2 2o =Y T 2o

It should be noted that in our case, considering the scalar field S # 0 and A_ harmonic, (36) is always homoge-
neous.

By collecting all common factors contained in Table 5 the following equations are derived:

S 9B, 9B, 10E,\

%f(axay*az*cz 81&)’ 37)
dB. 0S5 0B, 10E,\

Ty ( 9r |y 9z | 2 ot ) =90, (38)
OB, 0B, 0S 10E.\ _

V= (‘aﬁ Dy +az+caat> =0, (39)



112

F. Celani et al. / Journal of Condensed Matter Nuclear Science 25 (2017) 100-128

Table 5. Products 0G = 8 (8AD) S Yij = ViV Yagk = ViYiVk-

62AD S ’th%Ez 'Yyt%Ey 'th%Ez 'szB:c 7'thsz 'Y:csz
aS 10E, 1 9F, 1 0E, 9B, 9B 9B,
Vegs | Yeax Ve o Yoyt g Vertege  Ywzgy TV gp ey
as 1 9E, 1 9E 19E, 9B, 9B, 9B,
Yy 9y 'YyTy —Yxyt 6; te 8yy VYyzt g By z ayv Wzyziawy —Vz ay
a8 1 9B, 1 9F, 1 0E, OBy 9B, 8B,
V=5, V=55 —Yxzto g, —Yyzt g azl ity T Yz a; Yryz 5,
1) 198 1 9E, 1 0E, 1 9E, 1 8B, 1 9B, 1 8B,
Ttear | Mtear Yoz ot Tz ap Y=z ot Tyzte "ot —Yezty pr  Ywyty oy
L (2B 9B, OB, 0S\_,
Pt — | =
c \ Oz Jy 0z ot ’
o L (OB 9B, 9B\ _
. _ = =
vIETe\ oy 0z ot ’
1 (0E. OE, 0B,
V2V Ve= | — 55— — 5 ] =0,
c \ Ox 0z ot
oyt (OBu _0Bs | 0B.\ _
f t— |\ . — =
T\ oz Oy ot ’
0B, 0B, 0B
y z
= =0.
V= Vy V= ( o dy 02

Rearranging all equations from (37) to (44) the following are derived:

on. o8, _0S 108,
Oy 0z Oz 2 Ot
9B, 0B. 0S _10B,
0z dr 9y 2 ot
o8, 0B, _05 10,
Ox oy 9z 2 Ot
0B, 0E, OE. S
Ox Oy Oz ot’

OB, 9B, 0B,

o 0z Ot

(40)

(41)

(42)

(43)

(44)

(45)

(46)

47

(48)

(49)
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0E, O0E. 0B,

0z Ox ot’

0E, 0E, OB,

or oy ot

dB, 0B, 0B.

Py =0
Ox + oy + 0z ’

which are coincident with Maxwell’s equations if
(9;5’ g dq dq0r ’
ox 107 T H0%yaz0t — M 9zdyazar — MO
95 _ 4 _ 99  _ 0s0y _
gy 07y T Hograz0t — MOBzayazar ~ HOPYY
@ e — dq 0q0z .
9. Hodex = Mo avat — M0 azayazar P

198 . __, . % __
cor Mol = Ho 0xdydz Hocp,

where Oq is the differential of a generic charge [4,17]. Equation (56) can be also written as

ﬁzc,u Jet = — CQA:—/L ch:—ﬁ
ot 0t 0% 0xdyo= 0 €

By taking into account (53)—(56), the following relation holds for the current density field,

=J

- ge»

iasfi a£+ a£+ 6£+ 1875
140 o e %’ay o T Bt

where

JDe - Vz']ez + ’YyJey + ’YzJez + ’Yt']et - ’szez + ’VyJey + VzJez — YtCp

=dJy—mep = P(UA *’YtC)
is the four-current vector,
Vg = VoV + Yy Uy + V20 — Y€ =V — YiC

is a four-velocity vector and v, is the speed in the ordinary space.

113

(50)

(5D

(52)

(53)

(54)

(55)

(56)

(57

(58)

(59)

(60)

In this formulation the partial derivatives of the scalar field S with respect to time and space coordinates can be
interpreted as charge density and current density, respectively. As a matter of fact (45)—(47) represent the spatial

components of the Faraday—Neumann—-Maxwell-Lenz law, i.e.
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1 0F
2 ot’
where J 5 = VzJew + Yy Jey + V2 Jez is the three-component vector of current density, (48) is the Gauss’s law for the
electric field

VX B =puods+ (61)

v.E-"L (62)

€0
(49)—(51) represent the spatial components of Ampere’s law

0B
VXE—fE (63)

and (52) the Gauss’s law for the flux density field

V-B=0. (64)

Finally, by applying the 0- operator to (58) and setting the result to zero, the equation representing the law of
electric charge conservation is obtained

1 aJ, aJ, aJ, dp
—0-(08)=08-J == Y “ 4 =0 65
1o (85) B¢ fx + Oy + 0z + ot (65)
It is important to note that the wave equation of the scalar field S can be deduced from the charge—current conservation

law:

0?8 9%°S 928 1028 1028
8- (88)=0*S=--+-— 4+ - =V =0 66
(85) Ox? + Oy? + 022 2 Ot? c2 Ot? (66)
Now, by applying the time derivative to (66) and remembering (57), the wave equation of the charge field p (rD) can
also be deduced, i.e.

) a8
9 (25) = 0° (at) = 9 (~p0c’p) = —0c*0*p =0, 67
which gives
1 02
8%p=V2 ~ 25l =0 (63)

Clearly, both (66) and (68) represent, respectively, fields (S and p) that must necessary propagate at the speed of light
[17,19]. Equation (58) means also that the 4-vector current density field can be derived directly from the scalar field
S. The hypothesis of existence of scalar waves has been recently explored at the Oak Ridge laboratories: “The new
theory predicts a new charge-fluctuation-driven scalar wave, having energy but not momentum for zero magnetic and
electric fields. The scalar wave can co-exist with a longitudinal-electric wave, having energy and momentum. The new
theory in 4-vector form is relativistically covariant. New experimental tests are needed to confirm this theory.” [13].
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Figure 3. Helical motion of an elementary charge ¢ moving at the speed of light, with v2 -+ vi =c2

The proposed reinterpretation of Maxwell’s equations in this paper is in agreement with the principle of Occam’s
razor: the concepts of charge and current density are not inserted “ad hoc” but are deduced from a single more
fundamental entity, the four dimensional vector potential field A (’I"D) = A, (z,y,2,1).

Equation (68) imposes a precise condition on charge dynamics, describing only distributions of charge density
moving in vacuum at the speed of light c. At first glance, this result seems to be incompatible with experimental
observations, with the usual concepts of charge and current and with the traditional way of working with Maxwell’s
equations. In fact, with reference to this perspective, a big advantage in using Maxwell’s equations is the ability to
simply specify both current density and charge density distributions and then see what fields result. Nevertheless, in
the model proposed in this paper, the added constraint on the charge and current density seems to imply that one is
no longer free to specify charge and current density distributions at will, because this information is indeed included
within the electromagnetic four potential A .

As will be shown later, we can interpret (68) as a constraint for the definition of models of elementary charges (or
particles). This constraint, however, can be removed when considering macroscopic electromagnetic systems or even
the dynamics of a single elementary charge at a spatial scale greater than the particle Compton wavelength . and at a
time scale greater than the Compton period ). /c. In this case static elementary charges can be seen as charge density
distributions moving at the speed of light on a closed trajectory but with a zero average speed (this generalization
would be consistent with static charge densities, electrets, dielectrics), whereas currents can be considered as an ordered
motion of charge density distributions moving with an absolute velocity equal to the speed of light but with an arbitrary
average speed lower than c.

As an example, referring to Fig. 3, the electromagnetic effects generated by an elementary charge g, moving
at instantaneous speed ¢ in a helical motion of radius <\./27 with average velocity v, along the helix axis z and
tangential velocity v, , can be approximated, on a spatial scale >\, and a temporal scale >\ /c, to those produced
by the same elementary charge ¢ moving at uniform velocity v, creating the current density

q dz q dz
']7:']222772:772: z2Vz = z 69
P T sy e, dt P svar 2T PR Y (©9)
where 6V = 6x 8y dz ~ \3. In this view and at a macroscopic level the here proposed new interpretation of Maxwell’s
equations remains compatible with the traditional way of working with them, i.e. by assigning the sources and deter-
mining, as a consequence, both the electric and the flux density (magnetic) field.

The new formulation of Maxwell’s equations expressed by (35) is quite similar to the Dirac—Hestenes equation for



116 F. Celani et al. / Journal of Condensed Matter Nuclear Science 25 (2017) 100-128

m = 0 (Weyl equation). In all cases the solution is a spinor field. A spinor is a mathematical object that in space—time
algebra is simply a multivector of even grade components. The motion of a massless charge that moves at speed of
light can be described using a composition of a rotation in the ~y,, plane followed by a scaled hyperbolic rotation in
the .7 plane and can be encoded in Cl3 ; with a single spinor.

At this point the Authors are encouraged by an interesting sentence of P.A.M. Dirac. In fact, in his Nobel lecture
[20], held in 1933, Dirac proposed an electron model in which a charge moves at the speed of light: “It is found that an
electron which seems to us to be moving slowly, must actually have a very high frequency oscillatory motion of small
amplitude superposed on the regular motion which appears to us. As a result of this oscillatory motion, the velocity of
the electron at any time equals the velocity of light.”

4. Properties of the Electromagnetic Field

In this section, the main properties of the electromagnetic field will be presented and discussed by means of Cls3 ;
Clifford algebra.

4.1. Lorentz force

A very compact and elegant form for the expression of the Lorentz force can be achieved in Cl3 1, in terms of a generic
charge ¢ moving at a generic speed v, = v, — 7:¢, extracting from the expression ¢Gv, the blades of degree 1, and
considering the four-momentum P, i.e.

dP 1
< D> <quD>1Q<EIA’UA/\B%C’UA'E+S’UA’YtCS>
q

dt
1
=q(E+vy X B+ Sv,) —7q EUA~E+CS , (70)
where Iy = v,7y7. = —I; is the unitary volume of the three dimensional space. In the last member of (70) the first

term represents the Lorentz force acting on the charge ¢ plus a force acting on the same charge but depending on the
scalar field and on the speed and directed along the motion, whereas the last term in ~, represents the work carried out
by the electric and scalar fields in moving the charge along a unitary distance.

In terms of force density (in N m~3) the above expression becomes

dP_y
dt

1
= <vaD>1 =pE - 1,J, /\B*’YtEJA - E —ypcS

1
:pE+JAXB+SJA_’Yt<CJAE+pcs>a (71)

where Py is the four-momentum spatial density, J, is the generic 3-D current density and p the spatial charge
density. The term SJ , is the contribution, in terms of force per volume, due to the scalar field; this force density has
the same direction of the 3-D current density. The last term in (71), with the unitary vector -y, represents the work
density produced by the electric and scalar fields when moving the spatial charge density p along a unitary distance.

4.2. Derivation of Maxwell’s equations from Lagrangian density

Maxwell’s equations can be derived considering the following Lagrangian density, in form of a composition of a scalar
and a pseudoscalar part:
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1 ~ 1 9 1 1 9 9
L:—BA BA =—GG=—|GII =— S+ F)(S—F)=— (S*“—F
210 210 20 IGI 210 ( )( ) 2p0 ( )
1 E? 2
:(_+Bz+SQ—IE B) (72)
20 c2
where, bearing (33) in mind,
1 1
F = EE%—i—IB% = E(E—i—IcB)% (73)

is the bivector part of the electromagnetic field and ~ represents the conjugation operator. Expanding (72), and taking
equations from (20) to (26) into account, we obtain the Lagrangian density as a function of the derivatives of the
electromagnetic four-potential components, i.e.

po L (o 1onyt on 1oay* g0 1oy
T 2u0 or ¢ Ot c Ot dz ¢ Ot

0
(04 04\ (04, DAL\ (04, 04N
oy 0z 0z ox ox dy

(an 04, 0A, 16At>2

or + Ty + 0z c Ot
_of 04A; 104, 0A., 04, %_1% 0A, O0A, n
dr ¢ Ot (9y 0z oy c Ot 0z ox

0A; 10A,
+<az‘c 6t>(8z )” 74)

In Cli3; algebra the Euler-Lagrange equations can be expressed, considering as variables the electromagnetic
four-potential components A, (z,y, z,t), Ay(x,y, 2,t), A (x,y, 2z, t) and A¢(x,y, 2, t), in the following way:

g oL oL
i - =0, 75
> | X oo () o 15)

J=z,y,2,t \i=2,y,2,t

which reduces itself to

0 oL
> X wml 7y )] =0 76)
j=z,y,z,t \i=z,y,z,t 7’/7]8 ( 81',])
considering that in this case
oL >
=0, a7
(%‘3Aj

Jj=z,y,z,t
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because in (74) only the derivative terms of the four-potential (9A;/0i) appear. By expanding (76), for example with
j = t, we achieve, after some trivial calculation steps,

oL _ 6 6L 6 oL 9 oL 98 OL
Tod T Moo (Gy) Towg(am) Toza(k)  Mora (%)
1 (10E, 0B, 10E 0B, 10E 0B 108
_ - x I x ULy Iiy = z I z LU0 _
%uo (c ox + ox c Oy + oy + c 0z + 0z + c 81‘,) 0 (78)

and this equation returns Gauss’s laws for the electric field (see Eq. (40)) and for the flux density field (see Eq. (44)),
respectively:

:0’

1 <8Ex 0FE, OE. 35‘)
Tt

oz oy o ot

C

0B, 9B, 0B.\ _,
VeV T Oy 0z )

Now, if we expand (76) with j = x, we obtain

W, 0 oL o oL 9 oL 8 oL
A Toro () Towp (o) T0=0(%r) oMo (%)

1 (0S 9B, I0E. 0B, 10E, 10E, 10B,\ _

T (390 Jy +c oy + 0z c 0z 2 Ot +c ot ) =0. (79)

Equation (79) gives (37) and (41):

=0,

9 oy Tor 2 ot

<8By oB. 05 1 8Ew>

L(OF. 9F, 0B\ _,
W Oy 0z ot )

If we carry on the above procedures with j = y and j = z the other remaining components of Maxwell’s equation can
be determined, i.e (38), (42), (39) and (43):

oL 9 0L 0 OL 0 OL o OL
’YyaiAy —’Yyafx@ +7y37y@ +7y&@+vya@

ox ¢ Ox * oy 0z +E 0z 2 Ot c Ot

1 (0B, IOE, 08S 0B, I10E, 10E, IOB
wﬂ( - = +y+y> =0, (80)
0
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LoL _ 9 oL 0 oL 0 oL 0 0L
A TOro(Sp)  Tova () T020(5:) TOt0 (%)
1 ( 9B, I0E, 0B, 10E, 0S  10E. 10B.\ _
—%0< or Tecor Toy coy To:Teaw To 875)_0’ &1

that give, as expected, respectively

ox oy 0z 2 ot

0B, 0S 0B, 10E,
Yy ( — J) =0,

oy "9z oz & o

(aBI 0s 0B, 18EZ>_O

1 8Ey_8Em+8Bz _o
TN "ha dy ot )

By analyzing the above-reported equations, it is possible to reach some conclusions. First of all the Lagrangian
density, as defined in (72), can be divided in the sum of two parts

L = Lgid + Lin. (82)

The first part

1 E? 1
Liw=—(-—=+B*|=——(F-F 83
el 2M0< = ) 2#0( ) ®9

represents the “field part” of the Lagrangian density, as known in literature, and the second

Lin = — (52 2B B) (84)

210 c
represents the “interaction term” of the Lagrangian density, that takes the interaction of the electromagnetic field with
the sources into account, remembering, in addition, that the derivatives of the scalar field S, with respect to the four
dimensional space coordinates x, 3, z and ¢, are bounded respectively to the sources Jo, Jey, Je, and Jo; = —cp (see
Eq. (58)). Indeed, by deriving only the interaction terms of the Lagrangian density with respect to the four-potential,
i.e. by performing the operation dLi /0 A}, it is possible to derive the term J . - A . In fact, for the component along
¢ we find
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8Lint _ 0 aLim 0 aLinl 0 aLint 0 8Lint

R BT O BT C ORI €

:(63 9B, 6BZ+185>:Zt(IV B+1as>
0

Ox oy 0z c Ot ot
Yt 35
_ go _ ) 85
¢ D1 = YeJet = —ecp (85)
Integration of (85) yields
OLin - 1 98 o 1oas, 1 B B
Lmt|t = DA, d4; = /705 t = rocaAt = *%MOCPAt = —cpAy = Jet Ay (86)

For the component along 7, we find

aLim _ 2 aLint + 0 aLmt ﬁ aLlnt 0 8Lint
%Mz—%am(%) Wﬁyia( ) "9z 0 (%= ) ata(%)
0S I10E., 10E, 15 Ve OS
<8I cdy ¢z ¢ ot > o 0 Yaes: (87)

Integration of (87) yields

OLint 108 188
Lintlz = dA, = [ ———dA, = ——A, 2 A5, 88
t| / (8Am > / Ho Ox Ho Ox = (88)

The same procedure is clearly valid also for the components in v, and .. Finally, by integration of (77), we get
the Lagrangian density interaction term as

L= ) / <8L‘“‘> dA; = Jop Ay + Jey Ay + Jes A, — cpAy = J e - A, (89)
Jj=x,y,2,t
which is the usual “source” term that is added in traditional Lagrangian theory for classical electricity and magnetism
in order to obtain the complete set of Maxwell’s equations [6-8,17]. The scalar product J . - A has a dimension
of energy per volume (J m~3); in particular, the contribution of the spatial components of vectors J ge and A (the
scalar product J, - A,) can be considered as the specific “kinetic” energy of the electromagnetic field, whereas the
term Jo; Ay = —cpA; the “potential” energy. By virtue of (84), (89) becomes

1 2
Lw=-—(S*-ZIE-B)=J_. A,
t 2%(5 ; ) Joe Al (90)

The pseudoscalar term 2/cI E - B is clearly null as the electric and the magnetic flux density fields are always or-
thogonal with respect to each other: indeed, this term contains information about (63). A direct consequence of (90)
is, therefore, the following relation between the scalar field, the electromagnetic four-potential and the four-current
density:

S? =2u0J e A (91)
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By inspection of (85) and (87), and generalizing, it is possible to define the four-current vector J . from the
interaction Lagrangian term:

Z ( aLim ) aLint 8Lint aLinl aLim
i 8AJ

oa, TWaa, T aa. " aa,

Jj=x,y,z,t
:’YxJex“F'YyJey‘I“’Yszx +7t=]et :JDe- (92)

and, again, by virtue of the Noether’s theorem, the law of current and charge conservation

6Lim o o
- > <%~8Aj> =08 -J,.=0, (93)

J=w,y,2,t

which returns, consequently, the wave equations (66) and (68), respectively.

As can be seen the definition of the electromagnetic field G is complete and it includes itself the information of
both action and interaction, without the need of any additional term: this is in full accordance with the principle of
Occam’s razor.

Thanks to the Cl3 ; Clifford algebra the Euler-Lagrange equations can be conveniently defined in in a very compact
form:

oL oL oL\ oL
d R (O I 94
(8(6AAD)> 9A_ <8F) oA. O

where, now, the scalar Lagrangian density is

1
L:Lﬁeld+Lint:_ﬂF'F+JDe'AD' (95)
0

Substituting (95) in (94) one can achieve directly Maxwell’s equations in Cl3 ; in the form shown in the previous
sections (see Eq. (35)), i.e.

2p0 2p0 B 1 B
oF - OA =-——0F -Jg.=0, (96)

) O(-shF Fido Ag)\  0(-5hF-F4Jo.- A

O Ho

which yields

OF + poJ oo = OF + S = 8 (F + S) = 8G = 0. 97)
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4.3. Energy of the electromagnetic field

The energy density multivector of the field G is given by

1 E E t
2110 c c

e (5] oo (B m)

52 E* B? 1 1
-2 0 2 IEAB+ — SEv,
240 2 2pu0  cpo Clio
S2 ¢ E* B? 1
=_—+ +—+—(ExB+SE
240 2 2p0  cpo ( )

1
:ws+we+wm+g'6’7ﬁ ©8)
where
52 eoE? B?
wb 2,&() oe o> we 2 an wm 2#0

are the specific energies of the scalar, the electric and the magnetic flux density fields, respectively, T is the reversion
operator, whereas

6:/%(E><B+SE) (99)
0

is the generalized Poynting vector [10,11]. Beside the usual term E x B here a new energy term appears, namely SE,
which is associated to a longitudinal scalar wave [11] and that is not further investigated in the present work.

4.4. Electrostatic field and vector potential

In the case of non-time-varying potential 9 A;/Jt = 0 the scalar field S becomes the divergence of the classical 3-D
vector potential A, :

S:VAA

The time derivative of both sides gives

95 _9(V-A,) _v. 0A,
o ot ot -
Considering that A, /0t = —E (see Eqgs. (21)—(23)) and that 95/t = —p/eq we rediscover Gauss’s law,

vV-E=",
€0

showing that even the electrostatic field may be seen as generated from time derivatives of a vector potential field!
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4.5. Electric charge, antimatter and time direction

Feynman proposed to interpret the positron (a particle which is identical to the electron but with a positive charge)
as an electron traveling back in time. Such an interpretation seems to be perfectly compatible with the definition of
electric charge density given in (56):

oS —p
— = 100
ot €0 ( )
By multiplying both sides of (100) by —1 we obtain
95 _»
ot - €0
or, equivalently
oS 0
— = 101
8(—1%) €0 ( )

The positron traveling back in time is represented in the annihilation reaction diagram proposed by Feynman and
shown in Fig. 4 [21].
“I did not take the idea that all the electrons were the same one from him as seriously as I took the observation that

positrons could simply be represented as electrons going from the future to the past in a back section of their world
lines” [22].

4.6. Magnetic charges and currents

Starting from an hypothetical eight component “vector potential” that includes the four pseudovectors (trivectors) T°
of space—time algebra, symmetrical Maxwell’s equations emerge. This new set of equations now include the magnetic
charge and magnetic current densities that are the time and spatial derivatives of a pseudoscalar field P. By considering
(9) and the four pseudovectors defined as

v Y
-
e et
time
-

space

Figure 4. Feynman'’s diagram of proton—electron annihilation.
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T= vy’ythTI + ’yl’)/z'ytTy + Vz’m’Yth + %’Yy’Yth,

a new vector potential can be defined as

A =7, Ap + 1Ay + 1AL+ 1A+ e T + Vv Ty + Yo i e + Yevyv=Th

from which we obtain

O(A)=0(A,+T)=S+F+P

Using ST units and following the same procedure as shown in Section 3 we can write:

0A, | 0A,  0A. 104,

or y 0z c ot

S =

Lp . (A 9T 0T, 19A,
%%C x = YVt 81‘ 8y 82 c 6t ’

1
B = ot The 2P
W Ey =W ( Ox + dy 0z ¢ Ot

L (9T 0T 0A 104,
VZ'YtC z = V2t o y 2 c ot )

. o, or, or. 1om
Yz Vy V=Tt = Y Vy V2Vt o 8y 0z c Ot ’

b (P0, 0A 04, 10T,
Yy VzDPz = VyVz o dy D2 c ot )’

b (A= 0T oA 1o,
Yz VzDy = YaVz Oz Ay 92 c ot )

T 1Bz: Yy \ 3 —
1=y 1=y ( Oz dy 0z ¢ Ot

By applying again the 8 operator to (104) and equating to zero:

0A, 0A, T, 157;)

*A' =9(S+F+P)=0.

Here

(102)

(103)

(104)

(105)
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1
OF = —8S — 0P = poJ e + —J o, (106)
€0

where J . is the four-current as defined in (58),

1
JDm = 'Ymez + 'Ymey + ’Yszz + 'YtJmt = ’Yachm + 'Ymey + 'Yszz - 'Ytgpm

is the magnetic four-current vector and p,, the magnetic charge. By carrying out all calculation in (105) the
following set of equations is obtained:

oS 8Bz+% 10E, _o
or dy 0z 2 ot )

0B, 0S 0B, L 1 0E, _0
or Oy 0z 2 Ot ’

9B, 9B, 0S  10E.\ _,
=\ o oy 9z ¢ ot )

1 8El.+%+8EZ+BS _ 0
e\ or Ay 0z ot ’

P 0B. 0F, 0B
oy 0z ot

Yy Y=Vt~ (

El. oP
dy (’)z

OE,
YV Vy ’Yt O

”””Z<ax + dy + 0z * t

This set of equations represents the symmetrical Maxwell’s equations considering the hypothesis (never confirmed up
until now by experiments) of existing magnetic currents and charges.

0B, 0B,  0B. ap> 0
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5. Conclusions

Simplicity is an important and concrete value in scientific research. Connections between very different concepts in
physics can be evidenced if we use the language of geometric algebra. The application of Occam’s Razor principle to
Maxwell’s equations highlights some essential concepts:

(1) First of all, Clifford algebra is by far the most appropriate, simple and intuitive mathematical language for
encoding in general the laws of physics and in particular the laws of electromagnetism.

(2) A scalar field derives from the definition of “harmonic” electromagnetic four-potential and this scalar field
becomes the source of charges and currents.

(3) The charge density derived from the scalar field follows the wave equation with a propagation speed equal to
the speed of light.

(4) The Feynman model of the positron, seen as an electron traveling back in time, seems to be perfectly compat-
ible with the definition of electric charge density as the time derivative of a scalar field.

In particular, the important element emerging from the present paper is that (68) imposes a precise condition on
charge dynamics, describing distributions of charge density moving in vacuum at the speed of light. Indeed, van
Vlaenderen found the same condition on charge dynamics but with the difference that he considers both the conditions
E = 0 and B = 0 at the same time (no electromagnetic field) concluding that “a scalar field S can be induced by a
dynamic charge/current distribution” [11].

In the model proposed here, the added constraint on the charge and current density seems to imply that one is
no longer free to specify charge and current density distributions at will, because this information is indeed included
within the definition of the four-potential A . However, this constraint can be removed when considering macroscopic
electromagnetic systems or even the dynamics of a single elementary charge at a spatial scale greater than the particle
Compton wavelength A and at a time scale greater than the Compton period \;/c. In this case static elementary
charges can be visualized as charge density distributions moving at the speed of light on a closed trajectory but with a
zero average speed (this generalization would be consistent with static charge densities, electrets, dielectrics), whereas
currents can be considered as an ordered motion of charge density distributions moving with an absolute velocity
equal to the speed of light but with an arbitrary absolute average speed lower than c. This observation favors a
pure electromagnetic model of elementary particles based on a particular Zitterbewegung interpretation of quantum
mechanics [23,24]. Therefore, the free electron, and perhaps all other elementary charged particles, can be viewed
as a charge distribution that rotates at the speed of light along a circumference whose length is equal to its Compton
wavelength [25].

Finally, a Lagrangian density equal to the square module of the seven component electromagnetic field reveals an
energy density formula for both fields and currents. Moreover, it has been demonstrated that Maxwell’s equations can
be explicitly derived in a simple way directly from the Lagrangian density of the electromagnetic field with the help
of Clifford algebra. An interesting consequence is also that the specific energy of the scalar field is deeply connected
to the interaction term of the Lagrangian density and, therefore, both to the electromagnetic four-potential and the
four-current density.

It is our opinion that the Zitterbewegung interpretation of quantum mechanics may give an important contribution
for understanding the structure of ultradense hydrogen and the origin of anomalous heat in some metal-hydrogen
systems. A Zitterbewegung electron model and a preliminary hypothesis for the structure of ultradense deuterium will
be treated more deeply in a paper written by the authors, entitled “The Electron and Occam’s Razor”, J. Condensed
Matter Nucl. Sci. 25 (2017).
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