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Abstract

The relativistic motion of the electron in the toroidal model is reported. The different motions of the center of mass and the charge
provide a direct way to describe the relativistic effect on the helical motion of the electron. The momentum-energy relation is
deduced in easy manner, which led to a simple interpretation of the electron energy. The relativistic effect on the helical motion due
to the ratio of the Compton and the Bohr radii in the Bohr atom with Z protons is compared with the nucleus radius, providing a
way to estimate the heaviest element of the periodic table, which is found to be between Z = 122 and 137.
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1. Introduction

During the last century many authors have discussed how to properly incorporate relativistic aspects to the motion
of the electron and other quantum particles. Paul Dirac was the firstly to introduce the relativistic version of the
Schrodinger equation in 1930’s [1]. One of the important results of the theoretical prediction is the zitterbewegung
motion of the electron [2], which is still under intense debate whether is a real physical effect or a mathematical
artifact of the Dirac equation [3]-[5].

In a completely different way, authors working on the theory of relativity have argued that a rotating charge has a
gyromagnetic ratio g = 2 and dimensions related to the Compton wave length, suggesting that electron has structure
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which is related to theory of relativity [6], [7]. This is still a subject of study in order to unify quantum mechanics and
general relativity [8], [9].

Thus, one of the most important questions still open today is whether or not the electron and other quantum
particles have structure. In quantum field theory, electron is considered a point-like particle described by a wave
function, accounting for its wave-particle duality [10], [11]. On the other hand, many authors have considered that the
electron has structure, interpreting the zitterbewegung effect as evidence that electron travels at the speed of light in a
circumference of Compton radius (reduced Compton wave length, rc = Ac/27) [12]-[32].

Regarding the latter group [33], there are two current ideas regarding the electron structure and the zitterbewegung
effect, one in which the electron is considered as massless charge traveling at the speed of light [14], [20], [22] and
another in which the zitterbewegung is related to the different motions of the electron center of mass and the charge
[15], [19], [27]-[29].

In favor of the separated motion of the electron center of mass and the charge our previous works have shown
that: i) the solution of the Maxwell equations using the so-called Schwinger electromagnetic wave naturally leads
to the correct values for the gyromagnetic ratio, the orbital current, and the charge of the electron, also suggest-
ing that the center of mass has a different motion than the charge [27]; ii) the prediction of the Bohr postu-
lates as a consequence of the helical motion of the electron charge [28]; and iii) the centripetal force acting on
the electron mass and charge in different positions, which show different oscillations with same zitterbewegung
frequency [30].

The theoretical prediction by Rivas [15], [19] regarding the separated motion of the electron center of mass and
center of charge is in excellent agreement with the electron toroidal model, in which the charge orbits the mass with a
circumference of the size of Compton radius, traveling at the speed of light. This issue will be explored in more detail
in this report.

Although this paper has some similarities with other recent works [20], [30], [32], [34]-[36], it describes a simple
approach to understand the relativistic effect on the electron motion in the toroidal model taking into account the
separated motion of the center of mass and the center of charge. The relativistic energy-momentum relation is also
naturally deduced as a consequence. Furthermore, the relativistic changes in helical motion of the electron in the
first orbit of atoms with Z protons provide a new way to estimate which is the heaviest element of the periodic
table.

2. Results and Discussion
2.1. Relativistic Motion of the Electron

In this section we describe the relativistic effect on an object with mass m traveling with a velocity v along with an
electromagnetic wave, which runs along the transverse direction to the motion in a circumference of radius r’ in the
rest frame.

Imagine an astronaut inside a rocket observing a ring made out of optical fiber with refraction index equal to 1 or
a tube with perfect reflection inside, travelling along with him (rest S” frame) at a relativistic velocity v.

If an electromagnetic wave is inserted on the top of the ring, the astronaut travelling along with it will see the wave
to expend a period 7" to make one turn of 277’ around the ring, no matter the velocity v (this is similar to a clock made
out of electromagnetic wave).

Another observer at the rest with regard to the rocket (boosted S frame) will see a different motion of the electro-
magnetic wave, which will look like a spiral. Figure 1 displays the different ways the observers in .S and S’ frames see
the motion of the light.

Defining the period at the rest (S”) and boosted (.5) frames as 7" and T, respectively, for an electromagnetic wave
making one turn in the blue line shown in Figure 1 (a) and (b), special relativity predicts a time dilation between both
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Figure 1. In (a) is shown what an observer at the rest frame (S’) sees at instant ¢’ = 7", when electromagnetic wave makes one turn in the
circumference 277’ (this is a little different than the Figures 6(i) and 6(ii) by Natarajan [36] since no wave turn is observed at ¢ = zero). (b) An
observer in the boosted frame (5) sees the electromagnetic wave traveling in a helical way with distance D and a pitch P. A complete turn is
observed by this observer at t = T'. In both frames r = r’ and m* is the equivalent mass of the electron, which will be defined later on in the main
text.

frames in the way that

27y’
T = . (L
and
D
r=2 6)
providing
1
T=—o—T, (3)

V1—v2/c?
which is the same time dilation predicted for the “classical” (linear wave) special relativity theory [10], [37].
Furthermore, the velocity along the circumference (v,-) at the boosted frame shown in Figure 1(b), is given by

27r 27’
Uy T:,/1—1}2/02?7 4)

where
2mr!
T~ 6 5)
leading to
v =cy/1—v2/c2 (6)
or

c :fuf—i—vz. (7)
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Furthermore, the rotating frequency in S and S’ frames are obtained by inversing Equation (3), i. e.

vV =/1—-v2/c2v. (8)

which is in agreement with the discussion by de Broglie [38].
Based on geometrical arguments, one can easily show that

D = \/472r2 + P2, 9)

where P = vT andr = 7',
In addition, in a period 7, the relevant distances traveled during this time seen by the observer in the boosted frame
can be calculated by

2 P D
p=2r_P_D (10)
Uy v c
which imply
2
p=——"__ (1)
V1—v2/c?
and
2
P = v o (12)

c\/1—v2/c?’
after using Equation (6).
Furthermore, Equation (7) leads to a direct way to find the Einstein energy-momentum relation [10], [37]. Multi-
plying both sides of the Equation (7) by m?2c?, one can find

2
m2ct = m?c? <C\/ 1- (U/C)2> + mZv?c?, (13)

which after taking into account the relativistic mass given by

m= 0 = ymy, (14)

1— (v/e)?

where my is the rest mass and v = 1/4/1 — (v/ c)2 is the Lorentz factor, along with linear momentum (p = muv) and
the relativistic energy (E = mc?), the energy-momentum relation is naturally found as

E% =p?c® + mdct (15)
or
m002 2
Eziz'}/moc , (16)
1 (v/e)?

which has been found in other recent works [30], [39]. Thus, Equations (11) and (12) show the importance of helical
motion of the electromagnetic wave to understand the relativistic effects of quantum particles in a simple way.

In order to better understand this behavior, we explore some cases reported on the helical motion of the electron,
which has been recognized as related to the zitterbewegung behavior [33].
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Taking Equation (11) as a reference for the helical motion, there are four cases to be considered: i) two cases related
to the increase of the D due to the time dilation taking constant 7; and ii) other two, which assume that the length D is
invariant to the motion. All cases are discussed as follows.

In special relativity, a Lorentz boost does not affect the transversal part of an object. So, the radius of the ring
shown in Figure 1 is the same for the different observers in S and S’ frames, i. e., » = ' = constant, which has two
cases reported on literature related to the

A
r=r'=29 (17)
2w
where the circumference has to do with reduced Compton radius (r¢) [20], [21], and
Ac
=y =% 18
r=r'=27, (18)

in which the circumference is due to half of the reduced Compton radius, as highlighted in [13] and [30], since it
provides the correct values for the spin (//2) and zitterbewegung frequency (2mc?/h) [13], [14], [24], [30]. In these
two cases, D and P increase as v increases.

The others two cases suppose that the radius of the ring (r and r’) in Figure 1 varies with the velocity v. In such
cases, Equations (9) to (12) still the same. One of the most important possibilities is to establish that [40]

r:r/:rcx/l—(v/c)Q:;—;\/1—(1)/0)2. (19)

Taking this case, D and P become
D = 27r¢ = Ac, (20)
which is v independent, and
P="2mr0 =Y. Q1)
c c

An interesting fact is that Equation (21) agrees with the Bohr postulates [28]. The Bohr velocity for the first orbit
in the hydrogen atom is given by v = vp = ac, which provides

P =alc = A, (22)

where )\, is related to the classical electron radius (r. = \./27) [27], [41].
Furthermore, the velocity of the n-th orbit in the Bohr atom can be calculated by
P, Xe/n  ac  wp

D vy e @)

where P, is the pitch for the n-th Bohr orbit. Equations (22) and (23) provide the natural quantization of the orbits in
the Bohr atom, as demonstrated recently by some of us based on the helical motion of the electron [28].

Similar results to P and v,, are obtained for the two first cases using the limit v < ¢ (vg/c = «) in the Equations
(11) and (12), keeping r = r’ = constant.

Now, taking A = 27r = 277’ = X and using Equation (19), the radius dependence of the velocity also implies

that
X=X =Aoy/1— (v/c), (24)
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demonstrating that the electromagnetic wave energy (photon energy) in S’ frame can be calculated by

E’:%:%:L:vf—c, (25)
Aev/1— (v)e)? ¢
which is the same as the mass energy, since
2
E =md = Mo¢ = ’ymOCQ, (26)

V1 (/e)
after remember that A\c = h/mgc.

In addition, Equations (16), (25), and (26) lead to F = E’, showing that the energy is frame invariant in the present
case, which also implies

Acmgy = AIm = %, 27)
that is frame invariant too and defines the Compton wavelength (\) at any velocity v. It is interesting that Equation
(27) is reminiscent of a type of the angular momentum conservation, which is similar to one of the Bohr postulates
[10], [28].

In fact, these observations suggest that the helical motion of the electron due to the zitterbewegung behavior, is a
fundamental characteristic, which is important for describing the physical properties of quantum particles, extensively
reported by many authors nowadays [33].

These results provide new insight into the mass increase at relativistic velocities. An observer in the rest frame (S’
frame) sees the mass of the electron (m) to increase at v with regard to the rest mass (mg), which corresponds to the
mass of the electron at v = zero. This is imposed by the invariance of the energy in both frames mentioned above, in
which both observers notice that the energy of the particle is the same, no matter the velocity they are travelling. This
seems to be important to describing particle collisions at relativistic velocities, which should be frame independent.

Another insight even more interesting relates to the fact that some authors have considered the electron such
as a massless particle [20]. In such a case, the energy of the electron at rest is only due to the wavelength related
to the Schwinger electromagnetic wave [27]. Thus, the energy can only change if the electron is forced to move
perpendicularly to the Compton circumference (see, for example, Figure 1 in [28]), since it is already at speed of light,
leading to the helical motion. Based on that, hereafter the mass of the electron will be referred as the “equivalent mass
of the electron”, which is defined by

h
%
mt=— 28
o (28)
and is related to the inertia to put the free electron at rest in motion along the direction perpendicular to the Compton
circumference. At v = zero, one can define the equivalent rest mass of the electron as m§ = h/cAc.

The energy-moment relation given by Equation (15) can be rewritten by
2 2
E* = (pic)’ + (pje)” = (BEL)* + (B)), (29)
where p; and p) are, respectively, the linear momentum transferred to the electron, which is related to the wavelength
A(pL =m*v = hv/c\, E1 = pirc= hv/)) and is perpendicular to the Compton circumference, and p which is
related to the Compton wavelength A¢ (p| = mge = h/Ac, E|=pjc= he/Ae = m{';cQ), due to the free electron at
rest due travelling at the speed of light. Thus, the total energy is given by

h h
E="¢_ 7—C = fymécz =m*c, (30)
A Ac

which is the same as those given by Equations (16), (25), and (26) taking the m{ and m* into account.
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Figure 2. Effect of the relativistic velocity on the electron motion for the r = v’ = rgy/1 — (v/ 0)2 case noticed by an observer in boosted
frame (S). (a) Electron at rest in which its charge, due to Schwinger electromagnetic wave, is traveling at the speed of light with the equivalent
center of mass at rest. In such a case ¥ = ¢and » = r¢. In (b) and (c) the equivalent center of mass of the electron is moving at two different
velocities ¥, which are perpendicular to the circular motion since it is already at the highest velocity possible, i.e., ¢, as shown in (a). P is the helical
pitch and D is the distance traveled by the Schwinger wave, which is constant, as given by Equation (20). At ¥ = ¢, ¥» = 0 and the helical motion
vanishes, leading to a plane electromagnetic wave travelling at the speed of light along the longitudinal direction, i.e., a photon (see arrows at right
bottom).

Figure 2 displays the different situations saw by an observer in the boosted frame (.S), in which helical electron
motion is described for the case 7 = ' = rcy/1 — (v/c)’.

At v = zero, the free electron is at rest and its energy is only related to the Schwinger electromagnetic wave
(Eo = m{c? = he/\¢), since linear momentum of the equivalent mass is zero. As the velocity v increases, r decreases
(r’ in the rest frame decreases too) as shown in Figure 2 (b) and (c), but D remains constant no matter the v value.
In such a case, the linear momentum is relevant and the equivalent mass of the electron plays a role in producing the
helical motion. When the velocity becomes equal to the speed of light, the helical motion vanishes (r = ' = zero)
and D becomes equal to P, providing a plane electromagnetic wave with Compton wavelength, which has fAc = ¢
(see arrows at right bottom). For a better idea of the latter case, see the simulation available on the website provided in
[42] or in Figure 1(a) reported by Natarajan [36], applying the limit » — zero.

Finally, in order to attend the expected spin and the zitterbewegung frequency values discussed by Williamson and
van der Mark [13], one should define

7‘:7":%\/1—(’0/0)22%\/1—(0/6)2, (31)

which is a similar to the case described by the Equation (18), but taking into account the dependence with v.
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Figure 3. (Main panel) It is displayed the electron travelling in the first orbit with radius R in an atom with nucleus radius . Upper left and
middle insets compare light and heavy atoms. In the latter, the first orbit is much closer to the nucleus due to the number of protons (Z), which could
cause instabilities in the atom due to the helical motion of the electron (see spiral blue lines at the right and in upper inset), due the relativistic effect
on the Bohr and Compton radii. If » > R — r, electron charge will collide with the nucleus. The closer the first orbit is to the nucleus, the lower
will be the atom stability.

2.2. Heavy Elements and Their Stabilities

Figure 3 displays the electron travelling in the first orbit with radius R around a nucleus of radius r with Z protons.
As mentioned previously [19], [28], the electron charge moves in a helical way, while the electron center of mass
follow the circular orbit.

In the hydrogen atom, R is the Bohr radius (rg) and r is the Compton radius (r¢) or half of it [13], [30], v < ¢
(v = vp = ac), and the electron is far away from the nucleus (ry < r < R), which is represented by the light atom
in upper left part of the Figure 3.

In all cases, the electrical force acting on the equivalent mass of the electron, due to the Z protons in the nucleus,
is given by

1 Ze2  m*?

= = = 32
dmey R? R’ (32)

which, after using the conservation of the angular momentum (L = m*vR = nh), provides the well-known radius
and velocity for the first orbit [10], [37] as

Ze?
= = Z
v Seoh ac’, (33)
and
€0h2
34
mm*Ze?’ (34

respectively.
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Table 1. Itis displayed R —r for the four cases described in this work. Third column defines
the stability limit in which electron in the first orbit is about to collide with the nucleus. Z is
the heaviest atom predicted from each case.

Case R—r R —r =rn (fm) z

r=rc re (ﬁ,h — (aZ)? - 1> 5.874 96.165
r=1I¢g o (%\/1—@2)2—1) 6.417 121.75

r=rcy\/1—(v/e)® 1o (L —1)V/1-(aZ)? 6.581 130.02

r=1C/1-(w/e)® & (Z —1)/1-(aZ)? 6.715 136.95

Q

-
2 &

@

Taking the boosted frame (S) in the nucleus, the electron mass is travelling at the orbit velocity ». In such a case,
the orbit radius can be rewritten taking into account the relativistic mass given by Equation (14), providing

_" /i _ 2
R= Z 1-(v/e)", (35)

where rg = goh?/mmge? and rc = arp [19], [20], [28].
In order to know how far or close the electron in the first orbit is of the nucleus, one can use the following criteria
to establish the stability of the atom

R—r>ry, (36)

where 7 18 the radius of the atom with atomic number Z. If R — » = r, then the atom is unstable, since electron
is about to collide with the nucleus. On the other hand, if R — r > r, electron does not collide with nucleus and the
atom is stable.

As pointed out in the previous section, there are four models for r, which are summarized in Table 1.

The stability limit is determined by the dependencies of R, given in Equation (35), and r for each model described
by Equations (17), (18), (19) and (31). Second column of the Table 1 displays how R — r depends on ¢, o, and Z for
the four cases.

In order to estimate which is the size of the nucleus that defines the above limit for each case, the data for ry
reported in [43] and [44] are used.

Figure 3(a) displays the behavior of Z as a function of the nucleus radius or the distance R — r related to the cases
discussed in this work. The experimental data [43], [44] are shown in Figure 3(b) along with the theoretical model
by Smith et al. [45], [46] and the cases shown in table I, which allow one to determine the heaviest element for each
model.

Black full line reported by Andrea [44] fits the collected experimental data by Angeli and Marinova [43], red
dashed line is reported in Figure 8 of the reference by Smits et al. [45], [46], and other colored dashed lines are due
R — r discussed in this work. There is an additional model in which electron (mass + charge) is supposed to travel at
the speed of light around the atom, providing Z = 137 ~ 1/« (Feynmanium) [41], [47], [48], but in such a model the
size of the nucleus is not taken into account.

Considering the heaviest element known, recognized by [UPAC in 2016 as the Oganesson (Og), which has Z = 118
[49], the model for r = r¢ is unrealistic since it predicts the maximum Z = 96. On the other hand, comparing the
other three models with the discovery of the element Oganesson recently [49], they look like more realistic.
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Figure 3. (a) Dependence of R — r as a function of Z as predicted by Equations (17), (18), (19), and (31). (») The models and experimental data
are used to estimate the heaviest element. Orange square symbols are experimental data for r reported by Angeli and Marinova [43] and black
full line is a fit reported by Andrea for these data [44]. Gray dashed line is reported by Smits et al. [45]. Other dashed lines are related to the four
R — r cases discussed in this work. The crossing points define the number of protons Z in which the heaviest element for each model is found.
rp =5.2918 x 10~ m, rc = 3.8616 10~ 13 m, and o = 1/137.036 are used to find R — r behavior for all cases of this work.

3. Conclusions

This work provides a simple way to understand the relativistic effect on the wavelength and the energy-momentum
relation for the electron. This arises from two different motions: the helical motion, considered to be related to the
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Schwinger electromagnetic wave travelling at the speed of light, which is responsible for the electron charge, and
the motion of the equivalent center of mass of the electron in the perpendicular direction to the helical motion. This
occurs because the free electron at rest is already at the highest velocity possible, the speed of light. The unique way
to increase its linear momentum is to change its velocity along the transverse direction of the Compton circumference.

Furthermore, the special relativity theory allows us to understand the electron structure in a simple way, providing
support for the Bohr postulates demonstrated recently as a consequence of the helical motion of the electron.

The difference between Bohr and Compton radii compared to the nucleus radius of the atoms provides a new way
to predict the heaviest element of the periodic table. The estimated values found to be between Z = 122 and 137,
which are in agreement with the recent discovery of the Oganesson element (Z = 118).
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